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Abstract
The structural principle behind the unusual features in the high-pressure phases
of simple alkali elements is reviewed. It is shown that there exists a pressure
regime in which the elemental solids are likely to adopt a layer structure.
There are two novel characteristics associated with this structure type. The
system tends to be at the proximity of phonon and electronic instabilities. The
combined effect is a significant enhancement of electron–phonon coupling,
resulting in a superconducting state. We demonstrate this empirical observation
with selected examples including a recently predicted novel structure of high-
pressure SnH4 which shows very high superconducting critical temperature.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

One of the most interesting properties of high-pressure solids is the ubiquitous presence
of superconducting states in the high-pressure phase(s) [1]. The theoretical prediction and
experimental confirmation of elemental Si [2, 3] (a semiconductor under ambient condition)
with a fairly high superconducting critical temperature Tc of 9 K at 15 GPa (Si-V) over 20
years ago was a remarkable feat. Over the years, more solids were found to be superconducting
in the high-pressure phase. This list includes insulating and metallic elements [1] and even ionic
solids [4]. Moreover, there seems to be no restriction on the structural types. Superconducting
states have been observed in well-formed crystals and also in modulated incommensurate
structures [5]. Most surprising recent findings are the observation of superconductivity in Li
in the face-centred cubic (fcc) phase [6–8] and in the non-magnetic state of hexagonal close-
packed (hcp) ε-Fe [9]. In the case of Li, Tc up to 17 K has been reported at a relatively low
pressure of 37 GPa. Recently, the values of Tc for Ca at 160 GPa and Y at 115 GPa were
found to be surprisingly high, at 25 K [10] and 19.5 K [11], respectively. The observation of
superconductivity in simple metals such as Li, Ca, and Y poses a challenge to the conventional
wisdom, such as Matthias’s rule [12], which states that the occurrence of superconductivity is
most favourable in systems rich in valence electrons.
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Theoretical calculations on high-pressure solids have shown that the superconducting
behaviour in high-pressure solids can generally be explained by phonon-mediated strong
coupling Migdal–Eliashberg theory [13, 14] within the framework of the Bardeen–Cooper–
Schrieffer (BCS) model [15]. The Allen–Dynes modification of the McMillan equation [16] is
often used to estimate the superconducting critical temperature Tc,

Tc = ωlog

1.2
exp

[
− 1.04 (1 + λ)

λ − μ∗(1 + 0.62λ)

]
(1)

where λ is the electron–phonon coupling (EPC) parameter or enhancement factor, ωlog is the
phonon frequencies’ logarithmic average and μ∗ the Coulomb pseudopotential. Moreover, λ is
related to twice of the first inverse moment of the Eliashberg spectral function α2 F(ω) [14],

λ = 2
∫ ∞

0

α2 F(ω)

ω
dω. (2)

The Eliashberg spectral function α2 F(ω) is the central quantity of the Migdal–Eliashberg
theory. It is defined in terms of the phonon linewidth γq j of mode j at wavevector q by

α2 F(ω) = 1

2π N(εF)

∑
q j

γq j

ωq j
δ(ω − ωq j ), (3)

where ωq j is the phonon frequency and N(εF) the electronic density of states per atom and per
spin at the Fermi level εF. γq j arising from electron–phonon interaction is given by [17]

γq j = 4πωq j

Nk

∑
knm

∣∣∣g j
kn,k+qm

∣∣∣2
δ(εkn)δ(εk+qm), (4)

where the sum is over the first Brillouin zone (BZ), Nk is the number of k points in the sum, and
the εkn are the energies of bands measured with respect to the Fermi level at point k. g j

kn,k+qm
is the electron–phonon matrix element. The contribution of each vibrational mode to the EPC
parameter is defined as λq j = γq j/π h̄ N(εF)ω

2
q j . The EPC parameter λ is the summation of λq j

over all phonon modes (q j ) in the first BZ.

λ =
∑
q j

λq jw(q) (5)

where w(q) is the weight of a sampling q point in the first BZ.
From the inspection of equation (1) and assuming μ∗ is a constant (in the strong coupling

limit μ∗ ≈ 0.1), then Tc is directly proportional to the average vibrational spectrum, but it also
depends exponentially on λ. Therefore, it is not always necessary that superconductivity will
be favourable in systems with high vibrational frequencies and high electron density of states
(DOS) at the Fermi level. In some special cases, the presence of low-frequency vibrations, for
example acoustic modes that couple strongly with the electrons, may also help to enhance the
Tc. In the seminal theoretical investigation on Si-V [2, 3], it was recognized that the presence of
a soft transverse acoustic mode together with covalent Si bonds resulted in a local field which
enhances the electron–phonon attraction.

In this paper, the relationship between the structure and the electronic structure and phonon
spectrum at high pressure will be discussed, using results drawn from recent theoretical studies
selected from the work of the authors. It is shown that, upon compression, both metals and
insulators often go through an intermediate phase in which the valence orbitals rehybridize and
the electrons partially localize, resulting in structures with reduced bonding dimensionality,
such as two-dimensional (2D) layered or 1D chain-like structures. Features of these structures
are the presence of low-frequency interplanar vibrations and an electronic band structure
favourable for electron transport.
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2. Results and discussions

2.1. Structural change under pressure

The conventional wisdom is that when an elemental solid, for example, a simple metal, is
compressed, it will adopt increasingly close-packed structures. Recent experiments on alkali
metals, notably Rb [18, 19] and Cs [20], demonstrated that in the intermediate-pressure regime,
very complex structures and sometimes open structures can be formed. The simple picture of
compressing hard spheres is, of course, only valid if no change in the electronic structure is
taken into account. In reality, compression will lead to extensive mixing of the filled and empty
states in both metals and insulators. This is nicely demonstrated in the analysis of the topology
of valence electron density in Si [21]3—a covalent solid under pressure. It was shown [21]
(see footnote 3) that, during successive structural phase transformations, the participation of
predominantly d conduction bands becomes progressively more important. In a chemical or
localized description, the spatially diffused d orbitals provide the flexibility for the electrons
to delocalize, and the system becomes more metallic. However, ‘covalent’ bonding between
the Si atoms can still be clearly identified until beyond the stability range of Si-VI [22].
The directional covalent bonds facilitate the stability of the open-structure of Si-VI [22]. At
higher pressure, when the system becomes fully metallic, the ‘normal’ close-packed hcp [23]
and fcc [24] structures become favourable again. In essence, the results showed that, upon
compression, the dimensionality of the high-pressure phases of Si reduces gradually from 3D
to 2D to 1D and eventually to 0D [21] (see footnote 3). A similar transformation sequence is
also observed in metallic Rb and Cs. At low pressure, the system behaves like an almost free-
electron system and the ‘metallic’ binding is isotropic and non-directional. However, at the
onset of the Cs-II (fcc) to Cs-III transformation, the partial mixing of the 5d states resulted
in complex modulated or even intercalated structures. A unique feature of these complex
structures is that the chemical ‘bonding’ or interactions are no longer three-dimensional. In
fact, these structures can be described as the stacking of 2D layers. Interestingly, the structural
motif of these complex structures with increasing pressures parallels that of 2D Archimedean
tiling [25] with increasing packing density. Archimedean tiling (or uniform tiling) is plane tiling
of edge-to-edge packing of regular polygons. There are 11 different types of Archimedean
tiling, and each can be denoted by the symbol ( pq1

1 , pq2
2 . . . pqn

n ), with p1, p2 . . . pn denoting
regular p-gons, and q1, q2 . . . qn the number of adjacent regular p-gons of the same type which
are incident with one vertex. A schematic diagram showing the structural changes is illustrated
in figure 1. For example, starting from the fcc square-net structure (44) of Rb-II and Cs-II,
the 3342 layer is observed in Rb-III [18] and Cs-III [20]. Upon compression, the 4.82 network
is observed in the framework of Rb-IV [19] with the intercalated Rb atoms situated along the
channel running down the centre of the large octagon, and the distribution is incommensurate
with the framework [19]. It is easy to identify that the 324.3.4 network is adopted by the Cs
atoms in the Wyckoff 8f positions in the Cs-V structure [26]. Eventually, at the highest pressure,
Cs adopts the close-packed hexagonal network 36 (the hcp structure of Cs [27]).

The simplistic energy level diagram shown in figure 2 helps to rationalize the changes in
atom valence electron distribution (rehybridization) under pressure. At high pressure, the empty
d states become available for additional (and directional) bonds. Since there are now more
orbitals for bonding than available valence electrons, the electrons can preferentially occupy
some of the orbitals. In the case of Rb-III and Cs-III, s–d mixing resulted in the localization of
the electrons in the centre of the ‘squares’ in the 3342 network forming the layer structures [21]

3 A discussion of the structural transformation sequence in alkali metals at high pressure based on a displacive
mechanism has been presented in Katzke and Toledano [21].

3



J. Phys.: Condens. Matter 19 (2007) 425208 J S Tse et al

Figure 1. 2D Archimedean tiling pattern for planar close-packed structures. The table shows the
calculated 2D packing densities.

(see footnote 3). An important feature of the 2D directional bonding is that the electronic bands
also depend on the crystal directions. It is expected that along the 2D planes the electron bands
will be less dispersive due to weak covalent interactions. In comparison, the electron bands
perpendicular to the planes will be more free-electron like and probably responsible for the
metallic conductivity. As will be shown later, this characteristic band structure may have an
important consequence to potential superconductivity behaviour.

2.2. Phonon and electron–phonon coupling

A consequence of the formation of a layered structure is the possible occurrence of low-
frequency vibrational modes. This has been shown previously in Si-V [2, 28]. Another
example is Si-VI [28]. It was shown that the interplanar vibrational mode can become
soft and anharmonic and the structure is, in fact, only entropically stable [28]. Another
interesting observation made in Si-VI is the possible occurrence of an electronic instability
due to nesting of the Fermi surface [28]. The unprecedented superconductivity in the fcc
phase of Li has been attributed to the simultaneous existence of dynamical (phonon) and
electronic instability [29–31]. In Li, the soft acoustic mode arises from the shear motion
of the lattice [29]. The mode softening is a manifestation of the weakening of interlayer
interactions. At 38 GPa, fcc Li transforms into a more complex cubic form (cI16) in which the
2D 3342 pattern is clearly identifiable in the [110] plane. On the other hand, close to the phase
transition, the spherical free-electron-like Fermi surface distorts and forms interconnected
‘necks’ [29, 31, 32]. Moreover, parallel electronic bands start to develop in the [110] plane,
indicating a possible nesting of the Fermi surface in the 	 → K direction (figure 3). The
large electron–phonon coupling is associated with this electronic instability. Theoretical
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Figure 2. A schematic energy level diagram illustrating changes in chemical bonding pattern as a
result of the participation of d states from the conduction band for an alkali metal.

Figure 3. Distortion of the Fermi surface of fcc Li under pressure. Note the nesting of Fermi surface
in the 	 → K direction at 30 GPa.

calculations [29] on fcc Li confirm that the largest contribution to the electron–phonon coupling
is due to a soft transverse acoustic mode in the 	 → X and X → L directions.

2.3. A designer high-pressure superconductor

Having discussed the favourable parameters contributing to the superconducting state, a
challenge is whether one can design a superconductor at high pressure. Recently, from
simulated annealing ab initio molecular dynamics simulations, a novel high-pressure phase of
SnH4 has been obtained. Details of the calculations have been presented elsewhere [33]. This
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Figure 4. (a) Structure of the hexagonal phase of SnH4 at 120 GPa. The (colour) contours show
the values of the electron localization function. Note the strong electron localization between the H
atoms. (b) The phonon band structure. (c) The electronic band structure and (d) the Fermi surface
showing possible nesting directions.

structure, dynamically stable between 70–160 GPa, has a hexagonal arrangement of layers of
Sn atoms with pairs of hydrogen atoms situated between the layers. At 120 GPa, the H · · · H
separation is found to be only 0.849 Å, which may be too long to be regarded as a normal
H–H bond. An analysis of the topology of the electron density (figure 4(a)) indicated that there
are strong H · · · H and weaker Sn · · · H interactions. These interactions led to high-frequency
localized H · · · H stretch and low-frequency Sn · · · H translational vibrations (figure 4(b)). Four
soft acoustic modes were identified at the K and M symmetry points and along the H → A
and A → L directions (figure 4(b)). The electronic band structure (figure 4(c)) shows, near
the Fermi level, highly dispersive bands along K → H → A and less dispersive bands from
M → 	 → K. Moreover, two sets of almost parallel bands were found along K → H and
H → A, respectively (figure 4(d)). The features in the electronic and phonon band structure
suggest that this novel SnH4 structure may be superconducting [34]. Detailed electron–phonon
calculations confirm this speculation. From the calculated phonon linewidths, it is shown
that indeed the phonons at K, L → A and H → A contribute mostly to the electron–phonon
coupling mechanism. Detailed investigation on the Fermi surface using the nesting function
(bare susceptibility) [31, 35]

ξ(q) = 1

Nk

∑
nm

∑
k

δ(εkn)δ(εk+qm) (6)
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shows that the soft modes at points K and M are induced by Fermi surface nesting, and
the soft modes along the L → A and H → A directions are induced by Kohn anomalies.
Using the Allen and Dynes modified McMillan equation suitable for strong coupling4, critical
temperatures of 62, 77 and 79 K were predicted at 90, 120 and 160 GPa using calculated λ of
1.30, 12.0 and 1.29, respectively.

2.4. A perspective

We offered a glimpse on the relevant properties that affect superconductivity in high-pressure
solids. It is shown that superconductivity is likely to occur in low-dimensional structures close
to structural and dynamic instabilities. It is shown that the simultaneous existence of flat
and steep electronic bands close to the Fermi level together with soft vibrational modes help
to promote electron–phonon coupling. The characteristic features have also been observed
in a growing number of superconductors [34], including the cuprates [36]. It is hoped that
the discovery of superconductivity in high-pressure solids and recent exciting breakthroughs
in other systems under ambient conditions [37] will eventually unlock the secret of high-Tc

materials.
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